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Let h(d) denote the class number of the quadratic field Q(Jrd) of discriminant d. 
A number of new determinations of h(d) module 16 are proved. For example. it is 
shown that if p and 4 are primes satisfying p = 4 = 5 (mod 8), (p/9) = 1. then 
4 (mod 16) if , 
h( -8~9) E 
12 (mod 16) if 
where a and b are unique integers such that ~=a’+ b’, US I (mod 4) 
b= ((p- 1)/2)! a (mod p), and A and B are the unique integers such that 
q=A*+B’, As1 (mod4). Bs((q-l)p)! A (modq). 1 1987 Academx Press, Inc 
1. INTRODUCTION 
As usual we denote the class number of the quadratic field Q(G) of 
discriminant d by h(d). When d = ( - 1)” es p, . . . ps qs+ 1 . . . q,,, where n is a 
positive integer, p,, . . . . ps are s ( >, 0) distinct primes E 1 (mod 4), and 
qs+ , , . . . . q,, are n-s ( 2 0) distinct primes E 3 (mod 4), the authors [S] 
have proved a congruence of the form 
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c (cl(d, e) 4 -4e) + c2(d, e) h( -8e)) 
eld 
r>O, c 1 (mod4) 
+ c (~~(4 e) Me) + c4(4 e) H8e)) CIJ 
e<O.rcl (mod41 
+y,fj (/piI-l)=c,(d)+c,(d) (mod2”f2), (1.1) 
where 
c2(d e) = n /?id,‘, ((3 - (3 
if d is divisible only by primes = 3 (mod 4) 
otherwise, 
0 if 3 1 d, 
4 if d= -3, 
d) 0 if d # 3 -3, 1 d, and c6( p 1 d/3 = 
for some prime p = 1 (mod 3), 
2 flfl if d # -3, 3 1 d, and all primes 
p I d/3 satisfy p = 2 (mod 3). 
This congruence contains as special cases many known congruences, for 
example, those of Pizer [ 131 and those of Kenku [ 111. 
In this paper we analyze (1.1) in the case n = 2 in order to obtain new 
congruences modulo 16 involving h( -8pq) and h( -4pq), when pq- 1 
(mod 4), and h( --pq), when pq = 3 (mod 4) where p and q are distinct odd 
primes. We begin by giving a summary of references to known results (see 
Table I). In cases 1-3, 7, 9, 10, 13, and 18, (1.1) does not give new infor- 
mation. In case 4, (1.1) is used, together with the conjecture given in [ 161, 
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TABLE I 
P 9 0 P h( -4PY 1 h( -8P9) 
Case (mod 8) (mod 8) 4 (mod 16) (mod 16) 
i I 1 +1 [lo:c;] [lO:C] 
2 1 I -1 [fO:Lq] [IO : B;] 
3 1 5 +l [lo: B;] [IO : B;] 
4 1 5 -1 [16]” 
5 5 5 +1 [ 10 : B;] 
6 5 5 -1 [ 10 : B;] 
P 9 P 
0 
M -P9) N -8~9) 









3 +l [91 C 10 : B;ol 
3 -1 1161 
7 fl 191 [fO:C;] 
7 -1 1161 [IO : B;] 
3 +1 [91 
3 -1 [I61 
I +1 [91 [lo: B;,] 
7 -1 1161 
P 
(mL8) (moYd8) i 0 
M -4P9) A( -8/v) 
(mod 16) (mod 16) 
15 3 3 +1 [ 10 : B;,] 
16 3 I +I [IO : B;,] 
17 3 7 -1 
18 I 7 fl [IO : Biz] [ 10 : B;,] 
n Conjecture only 
to conjecture the value of h( -4pq) (mod 16) (see Section 2, Conjecture). In 
cases 5, 6, 8, 11, 12, and 14, (1.1) is used in conjunction with results 
specified in the table to obtain the value of h( -8pq) (mod 16) (see Sec- 
tion 3, Theorem 1; Section 4, Theorem 2; Section 5, Theorem 3; Section 6, 
Theorem 4; Section 7, Theorem 5; Section 8, Theorem 6). In cases 15 and 
16, as h( -8pq) is known modulo 16, (1.1) gives h( -4pq) (mod 16) (see 
Section 9, Theorem 7; Section 10, Theorem 8). In case 17, since neither 
h( -4pq) nor h( -8pq) is known individually (mod 16), (1.1) just gives 
h( -4pq) + h( -8pq) (mod 16) (see Section 11, Theorem 9). 
In proving our results we shall need the classical congruences (see, e.g., 
[ 13, Propositions 1 and 21) 
CONGRUENCES MODULO 16 181 
h( -4p)=#p- 1) (mod4) if p = 1 (mod 4), (1.2) 
h( -p)= 1 (mod 2) if p e 3 (mod 4), (1.3) 
A(-4p)+h(-8p)r$(p-1) (mod8) ifpr 1 (mod 8) (1.4) 
ii;_: (mod8h ~>3, (1.5) 
h( -4p)+h( -8p)=4(p+3) (mod 8) ifp=5 (mod 8) (1.6) 
h( -8p)=$(p+ 1) (mod8) ifp-7 (mods). (1.7) 
We will also use the following notation. If p is a prime c 1 (mod 4) we 
let a and b be the unique integers such that 
p = a2 + b’, a= 1 (mod4), bE((p-1)/2)!a (modp). (1.8) 
Similarly if q is a prime E 1 (mod 4), we define integers A and B uniquely 
by replacing p by q, a by A, h by B in (1.8). Frequent use will be made of 
the congruence (and the similar one involving q and A) 
2a- 1 (mod 16) ifprl (mod8), 
(mod16) if p = 5 (mod 8). 
(1.9) 
This is given in [16, p. 9721 and is a straightforward deduction from (1.8). 
We will also use the congruence 
h( -4~) = -a + b + 1 (mod 8). (1.10) 
This congruence was given by Gauss in a letter to Dirichlet dated 30 May 
1828 [S], [6, p.2871. A proof by Dedekind is given in [6, pp. 299-301; 
7, pp. 692-6931 (see also [ 1, 16, 181) 
From (1.4) (1.6), (1.8) (1.9) and (1.10) (see also Cl]), we obtain 
h( -8~) = b (mod 8). (1.11) 
In addition, if (p/q) = + 1, Burde’s rational biquadratic reciprocity 
law [4] asserts that 
(1.12) 
(see also [ 141). 
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On the other hand if p s 3 (mod 4) then by a result of Mordell [ 121 we 
have for p > 3, 
1 (mod4) != -1 (modp), 
h( -p)= (1.13) 
3 (mod 4) if 
Then, from (1.5) and (1.13), we obtain for p = 3 (mod 8) and p > 3, 
2 (mod 8) ! s ( -1)‘pp31ix (modp). 
h( -8~) = (1.14) 
6 (mod8) - if P-l 
i > 2 
!z( -l)‘p+5’i8 (modp). 
2. p=l (mod8), qr5 (mod8), (p/q)= -1 
In this case ( 1.1) gives 
h( -8pq) + h( -4pq) + 2h( -4p) = q + 3 (mod 16) (2.1) 
(cf. [ 13, Proposition 5, Eq. (21)] ). 
Kaplan [ 10, Cas la, p. 347; Cas 2a, p. 3501 gives 
h( -4pq) = h( -8pq) = 4 (mod 8). (2.2) 
Combining (2.1) with a conjecture of Williams and Currie [ 161 for the 
value of h( -8pq) modulo 16, and using (l.lO), we obtain a conjecture for 
h( -4pq) modulo 16. 
Conjecture. Let p and q be primes such that 
p- 1 (mod 8) q=5 (mod8). 
and define integers a, b, A, B uniquely using (1.8). Then we have 
N -4pq) 
4 (mod 16) if -(-1) Io+Afh+B),‘4 i (mod q), 
Es 
12 (mod 16) =( -1) (U + n h - Bt:J i (mod q)- 
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The following table illustrates the conjecture. We write 
(mod d1 
y=( -l)la+a+b+B)l‘i i 
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P 9 a b A B x Y 4 -4pq) 
17 5 I -4 1 2 i i 4 
113 5 -7 8 1 2 i -i 12 
193 5 -7 12 1 2 -i i 44 
337 5 9 16 1 2 -i -i 52 
41 13 5 4 -3 -2 i --i 12 
73 13 -3 -8 -3 -2 -i i 12 
97 13 9 4 -3 -2 i i 20 
137 13 -11 4 -3 -2 -i -i 68 
3. p=qr5 (mod8), (p/q)=1 
In this case ( 1.1) gives 
h( -8pq) + h( -4pq) + 2h( -8~) + 2h( -8q) s 4 (mod 16) (3.1) 
(cf. [ 13, Proposition 5, Eq. (29)]). This congruence can be used to 
determine h( -8pq) modulo 16. 
We have 
THEOREM 1. Let p and q be primes such that 
prqr5 (mod8), 
and define integers a, 6, A, B uniquely using (1.8). Then we have 
4 (mod 16) if 
h( -8pq) E 
(aA~bB)=(-l)‘h’B+4”4, 
12 (mod 16) if (aAIfhB)=(_l)‘h+R”4. 
Proof: From Kaplan [lo, Proposition B&l we have 
P 00 - q 4 ; 4= ( ~~)(h(-4pq)+8v8. (3.2) 
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Hence, from (1.12) and (3.2), we obtain 
)eB (mod8), 
Next, by (1.11) we have 
h( -8~) E b (mod 8), h( -89 
so that 
(-1) (b+B1/4= (-l)‘h’ -8/7- b h( - 841)/4 
Multiplying (3.3) and (3.4) together, we obtain 
(3.3) 
(3.4) 
(h(- 4/x/)+Zh( -8p)+2h(-84)+81/B (3.5) 
Using h( -8Pq)=4 (mod 8) [lo, Cas 2a, p. 3503, in (3.1), we obtain 
h(-8pq)-h(+q)+2h( -8P)+2h( -8q)+4 (mod 16). (3.6) 
Putting (3.6) into (3.5) we get 
(-1) (h(-Xpq)+41/8= 
which is the required result. 
The following table illustrates Theorem 1. We write A’== ( -1 )(h+ ‘)j4, 
Y,= ((aA + bB)/P). 
P Y a h A B X Y M -8PY) 
5 29 1 2 5 2 -1 1 20 
5 61 1 2 5 -6 -1 -1 12 
13 29 -3 -2 5 2 1 -1 20 
13 61 -3 -2 5 -6 1 1 12 
4. p=q=5 (mod8), (P/q)= -1 
In this case ( 1.1) gives 
h( -8Pq) + h( -4Pq) -t- 2h( -4P) + 2h( -49) 3 4 (mod 16) (4.1) 
(cf. [13, Proposition 5, Eq. (30)]). This congruence can be used to deter- 
mine h( -8Pq) (mod 16). We prove 
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THEOREM 2. Let p and q be princes such that 
prqr5 (mods), 
0 
5 = -1, 
and define integers a, 6, A, B uniquely using (1 .S). Then we haue 
4 (mod 16) if a‘4 + ( -l)(b+B”4 6B > 
Lf -8pq) 3 
1e ‘mod 16) if 
i 
ProoJ: From Kaplan [lo, Proposition B’,] we have 
Appealing to [ 15, Problem 3231, we have 
(~)4(~)4=(aA+(-li”‘B”46B), 
Using (4.3) in (4.2), we obtain 
(-1p- IV8 aA+(-l)‘b+B”46B 
P 
Next from (1.9) and (1.10) we get 
2h(-4p)+2h( -4q)sp+q+6+26+2B (mod 16), 
that is, 
2h(-4p)+2h(-4q)rpq+7+26+2B (mod 16), 
and so 
(-f)hv+W8+(b+B’/4- _ ( -l)‘h’-4p’+h( -44)‘/4 





t-11 (h( -4py’+ 2h( -4p’+ 2h( -4y’)/8 _ 
aA + ( - 1)‘” + 8)/4 6B 
-- 
> 
(h + m/4 (-1) . 
P 
(4.6) 
Now from (4.1) we have, as h( -8pq) ~4 (mod 8) [lo, Cas 2a, p. 3503, 
h( -8Pq) = h( -4pq) + 2h( -4~) + 2h( -4q) + 4 (mod 16). (4.7) 
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Using (4.7) in (4.6), we obtain 





which gives the required result. 
The following table illustrates Theorem 2. We write 
x= ( -l)(b+B)/4, Y = ((aA + XbB)/p). 
P 4 a h A B X Y 4 --8pq) 
5 13 1 2 -3 -2 1 -1 4 
13 53 -3 -2 -1 -2 -1 I 20 
29 31 5 2 1 -6 -1 -1 28 
61 101 5 -6 1 -10 1 1 44 
5. psi (mod8), qs3 (mod8), (p/q)= -1 
In this case ( 1.1) gives 
h(-8pq)+2h( -pq)+2h( -4p)zq-3 (mod 16) (5.1) 
(cf. [13, Proposition 5, Eq. (19)]). This congruence can be used to 
determine h( -8pq) modulo 16. 
We prove 
THEOREM 3. Let p and q be primes such that 
p 3 1 (mod 8), q=3 (mod8), P 
0 
; = -1, 
and define a, b by (1.8). Then, for q > 3, we have 
4 (mod 16) if 
S(-1) (2ap2h+y+3)/8 
12 (mod 16) 
-(-1) (20 - Zb + y + 1 I j/X 
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and, for q = 3, we have 
h( -24~7) = 
2a - 26 + 2 (mod 16) if a=b (mod 3), 
2a-2b+ 10 (mod 16) ifar -b (mod3). 
Prooj From (1.13) and [16, Theorem (b)(i), (ii)] we have for q>3 
2 (mod8) 
M-pq)= 
if (~)‘4”“4~(~)! i (modq), 
6 (mod8) if(~)‘““““- -(y)!i (modq). 
(5.2) 
The required result now follows from (1. lo), (5.1), and (5.2). 
For q=3 the result follows from (l.lO), (5.1), and Cl6 
Theorem (b)(iii)]. We remark that in this case (5.1) is equivalent to (11.9) 
and ( 11.10) of Corollary 11.4 of [2]. The following short tables illustrate 
Theorem 3. We write 
! i (mod q). 
q>3: 
P q a b x Y 4 - 8PY) 
17 11 1 -4 -i i 28 
41 11 5 4 i -i 28 
193 11 -7 12 i i 36 
409 11 -3 20 -i -i 36 
41 19 5 4 -i i 12 
89 19 5 -8 -i -i 20 
97 19 9 4 i -i 44 




P a b (mod 3) (mod 16) h( -24~) 
17 1 -4 No 12 4 
41 5 4 No 4 12 
113 -7 8 Yes 4 20 
281 5 -16 Yes 12 44 
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6. p E 5 (mod 8) q = 3 (mod 8), (p/q) = 1. 
In this case ( 1.1) gives 
h(-gpq)+2h(-4p)+2h(-gq)rp-l (mod16) (6.1) 
(cf. [ 13, Proposition 5, Eq. (25)] ). This congruence enables us to determine 
h( -8pq) modulo 16. 
THEOREM 4. Let p and q be primes such that 
pz5 (mod8), q=3 (mod8), 
and define a and b by ( 1.8). Then, for q > 3, we have 
4 (mod 16) if ! s ( 4)(4+2h+ IV8 (mod qL 
h( -8pq) = 
12 (mod 16) !_(-l)k/+Zh+L))!R (mod q 1; 
and, for q = 3, we have 
h( -24p)= -2b (mod 16). 
Proof. For q> 3 the result follows from (1.9), (l.lO), (1.14) and (6.1). 
For q = 3 the result follows from (1.9) (l.lO), (6.1) and the fact that 
h( -24) = 2. We remark that in this case (6.1) is equivalent to (11.7) and 
(11.8) of Corollary 11.4 of [2]. 
The following tables illustrate Theorem 4. We write 
XE ((q- 1)/2)! (mod q), Y=(-1) . (y + 2h + 1 l/8 
q>3: 
P 4 b X Y 4 -8P9) 
5 11 2 -1 1 12 
5 59 2 1 1 20 
53 11 -2 -1 -1 36 
53 59 -2 1 -1 140 
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q=3: 
P b 4 -24~) 
13 -2 4 
31 -6 12 
61 -6 12 
211 14 20 
7. p = 5 (mod 8) q = 3 (mod 8), (p/q) = -1 
In this case (1.1) gives 
(cf. [ 13, Proposition 5, Eq. (26)]. This congruence enables us to determine 
h( -8pq) modulo 16. 
THEOREM 5. Let p and q be primes such that 
pr5 (mod8), qs3 (mod8), 
and define a and b by (1.8). Then, for q > 3, we have 
4 (mod 16) if 
h( -8pq) E 
12 (mod 16) 1 =(-1)+-b-W - . - (mod 4); 
and, for q = 3, we have 
h( -24~) = 2a - 2b + 6 (mod 16). 
ProoJ For q>3 the result follows from (1.9), (l.ll), (1.13), and (7.1). 
For q = 3 the result follows from (1.9), ( 1.1 1 ), and (7.1). We remark 
that (7.1) in this case is equivalent to (11.5) and (11.6) of Corollary 11.4 
of [2]. 
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The following tables illustrate Theorem 5. We write 























P a h 2a-26+6 h(-24~) 
5 1 2 4 4 
29 5 2 12 12 
53 -7 -2 -4 12 
197 1 -14 36 20 
8. p=5 (mod8), q=7 (mod8), (p/q)= -1 
In this case ( 1.1) gives 
h( -8pq) + 2h( -pq) =p + 3 (mod 16) (8.1) 
(cf. [ 13, Proposition 5, Eq. (32)]). This congruence enables us to determine 
h( -8pq) module 16. We have 
THEOREM 6. Let p and q be primes such that 
p = 5 (mod 8), q=7 (mod8), 
P 0 s = -1, 
and define a and b as in ( 1.8). Then we have 
i 
4 (mod 16) 
if (~~4+“‘4-(-l)(~~1)/4(~)! i(modq), 
12 (mod 16) 
\ 
i (mod q). 
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Proof: The result follows from (1.9), (1.13), (8.1), and [16, Theorem (b) 
(ih (ii)]. 
The following table illustrates Theorem 6. We write 
(Y+ 1114 
(mod q), y- (-1)(U~‘)/4 ((4 - 1 J/2)! (mod 4). 
P 9 a b x Y 4 -8pq) 
5 I 1 2 -i -i 4 
13 7 -3 -2 -i i 12 
101 7 I - 10 i -i 28 
157 I -11 -6 i i 36 
5 23 1 2 i i 20 
53 23 -7 -2 -i i 28 
61 23 5 -6 -i -i 36 
157 23 -I1 -6 i -i 44 
9. p=q=3 (mod8), (p/q)= 1 
In this case ( 1.1) gives 




(cf. [13, Proposition 5, Eq. (24)]). As h( -8pq) is known modulo 16 [lo, 
Proposition Bi5], (9.1) allows us to determine h( -4pq) modulo 16. We 
have 
THEOREM 7. Let p and q be distinct primes satisfying 
p=q=3 (mod8), 
There exist integers x, y, k, 1 and m such that 
p = I2 - 2k2m, 2q = k2.u2 + 21.~~ + 2my2 
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(see [lo, p. 3561). Define cp = fl and E, = fl by 
Then, for p > 3 and q > 3, we have 
I 4 (mod 16) h( -4pq) = 12 (mod 16) 
If p = 3 and q > 3 we have 
4 (mod 16) 
h( -12q) s 
12 (mod 16) 
Ifp>3 andq=3 we have 
p-7 (mod 16) 
h( -12p)= 
I 
t p+ 1 (mod 16) 
Proof: From [lo, Proposition B’,,] we have 
0 (mod 16) 
h( -8pq) s 
8 (mod 16) if ( ,kIe2/Y, j = -1. (9’2) 
For p > 3 and q > 3 the result follows from (1.13), (1.14) (9.1) and (9.2). 
For p = 3 and q > 3 the result follows from (1.14), (9.1), and (9.2). For 
p>3 and q=3 the result follows from (1.13), (9.1), and (9.2). 
We remark that (9.1) is equivalent to the appropriate congruences of 
Corollary 11.6 of [2] when p or q = 3. 
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The following tables illustrate Theorem 7. We write 
x=( ,k2s;&). Y=( -1)‘Pp3)‘8. 
p>3. q>3: 
193 
11 19 -1 -1 1 1 -5 6 1 -1 -1 20 
19 179 -1 -1 1 7 15 -2 -3 -1 1 92 
11 107 -1 I 1 3 -1 12 I -1 -1 12 
59 11 1 -1 1 7 -5 2 1 1 -1 20 
19 59 -I 1 I 5 3 2 3 1 I 44 
307 43 1 -1 1 17 -9 4 7 1 1 92 
107 59 1 I 1 11 7 4 I -1 -1 36 
307 59 1 1 3 1 -17 4 1 -1 1 92 
p=3. q>3: 
q -7, k I m I J X 4 -1%) 
11 -1 1 3 3 2 1 -1 4 
59 I 1 1 -1 - 12 1 1 4 
83 1 1 5 11 8 1 -1 12 
131 -1 1 5 11 2 3 1 12 
p>3, q=3: 
P p(mod 16) t:,, k I m x ?’ X 4 -12~) 
19 3 -1 I 3 -5 2 1 -1 4 
43 11 -1 I 5 -9 2 1 -1 12 
61 3 -1 3 29 43 -2 1 1 12 
139 11 1 5 17 3 0 1 1 12 
211 3 1 5 19 3 0 1 1 20 
379 11 I 5 -27 I 2 1 -1 20 
547 3 1 7 121 159 -2 1 -1 44 
571 11 -1 3 -I -29 2 1 1 36 
10. ~53 (mod8), q=7 (mods), (p/q)=1 
In this case (1.1) gives 
h( -8pq) + h( -4pq) = 0 (mod 16) (10.1) 
194 HARDY AND WILLIAMS 
(cf. [ 13, Proposition 5, Eq. (27)]). We remark that, when p = 3, (10.1) is 
equivalent to the last two congruences of Corollary 11.6 of [2]. 
As p = 3 (mod 8) and (q/p) = - 1 there exist integers X, y, k, 1, and m 
such that 
2q = k”x2 + 21.~~ + 2my’, p = I’ - 2k’m, (10.2) 
[ 10, p. 3561. Moreover, as q 3 7 (mod 8), by [lo, Proposition B’,,], we 
have 
h( -8pq) = 0 (mod 16) 
o ( lk2-xq+iyl) = 1. 
(10.3) 
From (10.1) and (10.3) we obtain 
THEOREM 8. Let p and q be primes satisjj~ing 
p z 3 (mod 8) P q=7 (mod8), 4 =I. 
(> 
Then, with x, y, I, m as defined in (10.2), ~‘e have 
0 (mod 16) 
h( -4pq) z 
I+- ( I”=“: “4) = ,, 
8 (mod 16) fkl:‘jvl)= -, 
The following table illustrates Theorem 8. We write Z = (lk’x + /y//q). 
P 4 k 1 rr, .‘i ? 4 -4PY) 2 
3 23 1 I -I 6 1 8 -1 
107 1 1 9 -13 2 1 32 I 
11. p-3, q=7 (mod8), (p/q)= -1 
In this case, from [lo, Cas 5a, p. 354; Cas 7a, p. 3561 (see also [3]), we 
have h( -4pq) = h( -8pq) = 4 (mod 8), so that h( -4pq) + h( -8pq) E 0 
(mod 8). However, h( -4pq) and h( -8pq) are not known individually 
modulo 16, so that (1.1) in this case just gives 
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THEOREM 9. [ 13, Proposition 5, Eq. (28)]. Let p and q be primes satisfy- 
ing 
p E 3 (mod 8), q=7 (mod 8), 
0 
E = -1. 
4 
Then 
h( -8pq)+h( -4pq)=p+q-2 (mod 16). 
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